We review some recent results about exact classical solutions in string theory. In particular, we consider four dimensional extremal electric black holes which are related via dimensional reduction to the exact five dimensional fundamental string solutions. We also comment on the issue of α ′ corrections to non-extremal black holes.
Introduction
String theory is the only presently known model of a unified theory which includes gravity and at the same time is consistent at the quantum level. This, in principle, enables one to study its quantum-gravitational implications for cosmology, black hole physics, space-time singularities, etc.
The basic objects of string theory are (closed) strings which, when first-quantised, have a finite number of massless (graviton or metric G µν , antisymmetric tensor B µν , dilaton φ, vectors, other scalars and spinors) and an infinite number of massive (M 2 ∼ 1/α ′ ∼ M 2 P lanck ) particle-like excitations. Expanded near the trivial flat space vacuum the theory is parametrised by two constants: α ′ ∼ L 2 P lanck and dimensionless string coupling g = exp φ 0 .The low-energy (large scale) classical string dynamics is described by an effective action [1, 2] 
which starts with the Einstein term and contains contributions of all orders in α ′ . In general, the dilaton φ plays the role of the (logarithm of the) effective string coupling [3, 2] .
One of the important problems in string theory is to find exact black hole solutions in four dimensions. While the vacuum Schwarzschild solution of Einstein equations is also a leading-order solution in string theory, it is modified by α ′ corrections. It is straightforward to find other solutions to the leading order string effective equations describing charged dilatonic black holes [4, 5, 6] , as well as to compute the first nontrivial α ′ corrections to the Schwarzschild solution [7] .
To be able to study the Planck-scale structure of the theory one should go beyond the solutions of the leading-order equations, i.e. one should look for solutions which are exact in α ′ . Though the explicit form of the full string effective action is not known, one of the remarkable properties of string theory is that it is possible to by-pass this complication by using the equivalence [8, 9] between extrema of the effective action and 2-dimensional conformal theories (CFT's). Knowing the corresponding CFT is also crucial for an adequate "stringy" interpretation of a solution.
Exact black hole solutions have been constructed in two [10] and three [11] dimensions starting with (gauged) WZW models (or coset CFT's). In addition, using the result that the extremal limit of a black five-brane [12] is an exact superstring solution [13] , one can obtain an exact five dimensional extreme black hole (which has a magnetic charge associated with the antisymmetric tensor field). It has recently been shown that one can also dimensionally reduce the exact solution of [13] down to four dimensions [14] to find an extreme magnetically charged black hole [15] .
1 It was also suggested [21] that extreme magnetic dilatonic black hole, when properly embedded into higher dimensional theory (with an extra gauge field background) is an exact solution of heterotic string. Below we shall discuss the exact string solution [22] describing an extremal four dimensional electrically charged black hole.
2 This solution can be considered [22] as fourdimensional "image" of an exact five-dimensional solution describing the field of a fundamental string [23, 24] which winds around a compact dimension.
In Section 2 we shall review the structure of the string effective action and suggest a possibility that string theory is "asymptotically free", i.e. that the effective string coupling goes to zero at small distances and thus there is a sense in studying classical solutions. In Section 3 we shall consider the leading-order terms in the string effective action and present the corresponding dilatonic black hole solution [4, 5, 6] . We shall also comment on how α ′ corrections can possibly modify non-extremal black hole solutions using the analogy with the Born-Infeld effective action of the open string theory. In Section 4 we shall briefly discuss two classes of exact classical string solutions: "plane fronted waves" and "fundamental string" backgrounds. Their close relation to extremal electric black hole solutions (implying the exactness of the latter) will be explained in Section 5. Section 6 contains concluding remarks.
String effective action and "asymptotic freedom"
In general, the low-energy effective action in string theory is given by a sum of classical, quantum (string loop) and non-perturbative contributions
Several leading terms in the (bosonic string) classical effective action are [1,2,9,25]
The electrically charged solutions are qualitatively different from their magnetic analogues.
In particular, the extremal magnetically charged solutions found in four and five dimensions are products of a time-like line and a euclidean solution. The extremal electrically charged solution, on the other hand, has a nontrivial time-like direction. 3 The form of such action is not unique: a class of actions related by field redefinitions which are local, covariant, background-independent, power series in α ′ (depending on dilaton only through its derivatives not to mix different orders of string loop perturbation theory) will correspond to the same string S-matrix [26, 27] .
The loop contribution is ultraviolet-finite (with √ α ′ playing the role of an effective cutoff). For example, in the superstring theory S l has the following structure
In field theory non-perturbative terms are usually expected to involve factors like exp(−1/g 2 ) where g is a coupling constant. Since in string theory the latter is related to the dilaton, the non-perturbative contributions will generate non-trivial terms in S (dilaton potential, etc.)
The non-perturbative corrections should be responsible for supersymmetry breaking and generation of a mass for the dilaton. Since the dilaton has gravitational-type couplings it should get a mass to avoid contradiction with observations (for a discussion and references see e.g. [28, 29] ). The existence of a (perturbatively) massless scalar dilaton (which also determines the strength of effective string coupling) is one of the universal and most important consequences of string theory. While dilaton should be effectively massive at macroscopic distances or late stages of evolution of the Universe, it may be massless at small scales or early times. In fact, one can contemplate a possibility of "asymptotic freedom" in string theory: it may be that e φ is very small at small scales/times so that string theory is effectively classical in early Universe (or at small distances), i.e. both perturbative and non-perturbative string corrections are negligible there. Dilaton may grow at "intermediate" scales/times eventually making non-perturbative corrections to become relevant and to generate a potential (mass) for the dilaton. 4 It seems that the proper dilaton boundary condition for, e.g., black hole or cosmological solutions in string theory should be φ → −∞ at r → 0 or t → 0, that is small string coupling at small scales.
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This "asymptotic freedom" suggestion implies that massless dilaton should play an important role in early Universe (for example, the issue of primordial black holes should be addressed on the basis of classical string theory with a massless dilaton). Assuming that string coupling is small at small distances, in what follows we shall ignore both perturbative and non-perturbative contributions to the string effective action and discuss the classical black hole solutions in string theory. The condition that string coupling should vanish at small scales will, in fact, be fulfilled for exact solutions we shall describe. 4 It should be noted that a possible existence of asymptotic freedom of gravitational interactions (and limiting value of curvature) was suggested in [30] and references there. This idea becomes especially attractive and feasible in the context of string theory because here there is an additional field (dilaton) that governs the strength of (gravitational) interaction.
5 There are, in fact, classical string solutions (in particular, the exact fundamental string solutions discussed below) that have such behaviour (see also [5, 23, 31, 32, 33, 22] ). For a review of cosmological solutions see [28] .
Leading-order dilatonic black hole solutions and α ′ corrections
The leading-order terms in (2.2) may contain also the Yang-Mills gauge field term which may be of heterotic or Kaluza-Klein origin. Here we shall assume the second possibility. If one considers a bosonic string in a space with some compact isometric directions one can get extra vector fields from "non-diagonal" components of the metric and the antisymmetric tensor.
For example, if we start with the leading-order term in the D = 5 bosonic string action
and assume that all the fields are independent of x 5 = y, we obtain the four dimensional reduced action
where we have defined
This action can be considered also, for example, as a part of N = 4, D = 4 supergravity action obtained by dimensional reduction from D = 10 supergravity. Setting ϕ = 2φ − σ the action (3.2) becomes [34]
In the Einstein frame (where there is no dilaton factor in front of R) (3.4) takes the form
Thus, in general, the four dimensional theory contains two scalars, two vectors, and the antisymmetric tensor, as well as the metric. In certain special cases, the nontrivial part of the action (3.5) can be expressed in terms of only one scalar and one vector, so that it becomes
For example, if one sets φ = 0 and H µνλ = 0 in the D = 5 action, or equivalently ϕ = −σ,Ĥ µνλ = 0 = B µν directly in (3.5), one obtains (3.6) with ψ = −aσ and a = √ 3. This is, of course, the standard Kaluza-Klein reduction of the Einstein action. Another possibility which we shall mostly consider below is to set σ = 0 (G 55 = 1),Ĥ µνλ = 0 and either the two vector fields proportional to each other, or let one of them vanish. This case corresponds to (3.6) with ψ = 2φ and a = 1.
This action admits, of course, the standard Schwarzschild solution (R µν = 0, ψ = 0, F µν = 0) but not the Reissner-Nordstrom one (because of non-trivial coupling to the gauge field the dilaton cannot remain constant). The dilaton-vector coupling plays a crucial role in modifying the properties of black hole -type solutions (this coupling becomes irrelevant only after the dilaton is "frozen" at a minimum of a non-perturbative potential).
The charged dilatonic black hole solutions (which are string analogues of ReissnerNordstrom one) were found in [4, 5, 6] (for a review see [31] ). The electrically charged solution has the folowing form (ψ = 2φ, a = 1)
This metric has the same causal structure as Schwarzschild (e.g. there is no inner horizon) and singularity at r = 0. Taking the extremal limit Q = M and redefining r → r + 2M one finds that the solution simplifies to
Note that the spatial part of the metric (3.8) is flat (this is one of the reasons why this solution has an exact generalisation to all orders in α ′ ). Also, e φ → 0 at r → 0 so that the string coupling becomes weak near the singularity (it turns out that this remarkable behaviour is not modified by α ′ -corrections). There are various indications that extreme black holes play a special role in string theory, being gravitational analogues of solitons [4, 5, 35, 31, 36] : they cannot be created from non-extremal ones by a classical process, their entropy is zero, solutions can be linearly superposed, are supersymmetric and stable when embedded into supergravity theory [37] , etc. A solitonic interpretation of extreme electric dilatonic black holes is strengthened by the results of [22] discussed below: (i) extreme electric dilatonic D = 4 black hole solution can be represented as a dimensional reduction of the D = 5 fundamental string solution solution of [23, 24] which itself has a solitonic interpretation and is an exact classical string solution [33, 34] , so that (ii) extreme electric black hole solution is not modified by α ′ corrections. The absence of α ′ corrections is related to the extremality property of the solution, i.e. to a special balance between the metric and the gauge field (or the metric and the antisymmetric tensor in the case of D = 5 fundamental string solution).
At the same time, the situation with non-extremal black holes is much more complicated: they are modified by α ′ corrections in a non-trivial way. 6 For example, starting with the Schwarzschild solution (with φ = const) and solving the effective equations corresponding to S c (2.2) (assuming the central charge deficit c 0 is cancelled by some internal degrees of freedom) 10) one finds that to the leading order in α ′ the metric and dilaton get O(1/r n ) corrections [7] . Thus the dilaton is no longer constant. Interestingly, e φ does decrease towards the center of black hole. Since the Hawking-Penrose singularity condition (R µν l µ l ν ≥ 0, l 2 ≤ 0) may not be satisfied for the full α ′ -dependent effective equations, one may expect that α ′ -corrections, once summed up, may eliminate the r = 0 singularity by modifying the Schwarzschild metric
, say, in the following way (see also [38] )
In fact, the elimination of singularity (and horizon) seems possible in principle only for black holes of Planckian (or smaller mass), M ∼ √ α ′ . 7 In fact, for large masses M ≫ √ α ′ the curvature is very small near the (original) horizon r * = 2M and α ′ corrections should be irrelevant there (in fact, for M ≫ √ α ′ the correction factor in (3.11) is close to one near r * = 2M ). Under the horizon the coordinates r and t interchange their roles and one should actually look for a condition of the absence of singularity at t = 0.
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A possibility that higher order α ′ terms in the effective action may eliminate the black hole singularity is suugested by analogy with the open string theory. There the derivativeindependent part of the effective action for abelian gauge field can be found exactly and is given by the Born-Infeld action [39] (see also [40] ; for derivative corrections see [41] )
(3.12) 6 As was already mentioned above, there is a field redefinition ambiguity in the effective action.
When saying that a solution is not modified by α ′ corrections we understand that this is true modulo a local field redefinition (i.e. in a specific "scheme"): a solution in a generic scheme will be related to the leading-order one by a local field redefinition. A solution is said to receive non-trivial α ′ corrections if there does not exist a scheme where the exact solution is equal to the leading-order one. 7 If such elimination of the singularity takes place it may imply that massive string states do not form singular black holes. 8 I am grateful to V. Mukhanov for a discussion of this point.
While in the Maxwell theory the field of a point-like charge is singular at the origin and its energy is infinite, in the Born-Infeld theory the field is regular at r = 0 where the electric field takes its maximal value and its total energy is finite [42] . From the point of view of the distribution of the electric field (ρ ef f = divE/4π) the source is no longer point-like but has an effective radius r 0 ∼ √ α ′ (for example, in D = 4 E r = F rt = Q/ r 4 + r 4 0 , r
Since both open and closed string theories are non-local with a characteristic scale of √ α ′ , one may expect that the Schwarzschild singularity is smeared in a similar way. Unfortunately, an analogue of the Born-Infeld action is hard to derive in the closed string case, i.e. there are technical difficulties on the way to verification of this conjecture.
Exact string solutions: "plane waves" and "fundamental strings"
Backgrounds with null Killing vectors seem to play a special role in string theory. It was observed in [43] that the "plane-wave" spaces (u, v are "light-cone" coordinates: u, v = y ± t; i = 1, ..., D − 2)
represent exact classical string solutions if K is subject to the leading-order equation
). There exist generalisations of this exact solution to the presence of antisymmetric tensor and dilaton (see [44, 45, 33, 34] and refs. there). A simple and adequate way to specify a string solution is to write down the expression for the string action in the corresponding background. For example, a generalisation of (4.1) is represented by the folowing conformal sigma model (R is 1/4 of the curvature of the world-sheet metric)
where the functions K, A i , φ satisfy
The SO(D − 3) invariant "plane wave" (4.1) with K = K(r), r 2 = x i x i , i.e.
is related (by space-time duality in the y direction [46, 31] ) to the following "fundamental string" (FS) solution [23] 
This background represents a "solitonic" string-like solution of the "vacuum" effective equations following from (3.1). At the same time, it can be considered also as a solution describing a field outside an infinite straight fundamental string source along y direction [23] . The string source provides the δ-function in the equation for F :
Fundamental string solution is an extremal limit of a class of leading-order "black string" solutions with axionic charge [12] (which can be obtained by starting with a direct product of the Schwarzschild solution and a spatial direction and making a boost and duality transformation to generate an axionic charge, i.e. a non-trivial B µν [31] ). FS is thus similar to the extremal black holes (with the role of the electric charge being played by the axionic one).
In contrast to non-extremal solutions (e.g. the neutral D = 4 "cosmic string" field with a conical singularity) which are modified by α ′ corrections, the FS is exact (in a specially chosen scheme) [33] . This is due to the special balance between the metric and the antisymmetric tensor (and dilaton) resulting in a very simple form of the corresponding string action (4.7) which, in particular, has conserved chiral currents (or additional infinitedimensional symmetries) and is conformally invariant. This balance is also responsible for the fact that the equation for F −1 is linear, i.e. that FS solutions with parallel sources can be linearly superposed (this is also the reason why the force on a static test string which is parallel to the string source vanishes [23, 49] ).
The FS solution has a curvature singularity at r = 0 (and no horizon) and is stable and supersymmetric when embedded into a supergravity theory [23, 24] . The effective string coupling e φ decreases to zero at r = 0 in agreement with the "asymptotic freedom" assumption, suggesting that the classical approximation can be trusted at small r. In any case, the r = 0 curvature singularity does not necessarily mean a singularity of the string theory since a propagation of test quantum strings in this background may not be pathological.
10
There are generalisations of the FS solution (e.g. including momentum in the direction of the string and Kaluza-Klein type charges). Like (4.5), they are leading-order solutions [24, 51, 52 ] which turn out not to be modified by α ′ corrections [34] . A particular generalised fundamental string solution which we shall consider below is (cf. (4.7))
8) 9 As discussed in [47, 48] , there exists a (wormhole-type) resummation of the string perturbation theory in which the semiclassical approximation is governed by the sum of the string action in a background of massless fields and the classical effective action for the latter. FS can then be considered as a solution corresponding to such combined action. This suggests that the need for a δ-function source at r = 0 is related to a non-perturbative solitonic nature of the FS solution (note that the string action and the effective action are of different orders in string coupling). 10 In fact, scattering of test strings in this background appears to be similar to their scattering in flat space [49, 50] .
where F and φ are the same as in (4.4), (4.6). (4.8) can be interpreted as describing a field outside a closed fundamental string winding around a circular spatial direction in u, v plane (of radius R 0 = √ α ′ /b) [24, 50] . The parameter b can be set equal to 1 by a rescaling of coordinates. The string source which is needed to support this background at the origin (i.e. to satisfy the string equations also at r = 0) is represented by
0 , i.e. in addition to winding there is a momentum flow along the string [50] . All the main properties of the FS solution are true also for (4.8) . A novel feature is that the corresponding metric has a regular ergosphere [22] . To get extremal black holes we need gauge fields. They may appear as in KaluzaKlein model if internal dimensions are compactified on a torus. From the low energy field theory point of view we have to start with the full (containing terms of all orders in α ′ ) massless string effective action in, say, five dimensions. Assuming the fifth direction y is periodic, we can expand the metric, antisymmetric tensor and dilaton in Fourier series in y and explicitly integrate over y. The result will be a D = 4 effective action containing massless fields as well as an infinite tower of massive modes with masses proportional to a compactification scale. Any exact solution of the D = 5 theory which does not depend on y can then be directly interpreted as a solution of the equations of the D = 4 "compactified" theory with all massive modes set equal to zero (but all "massless" α ′ -terms included). In string theory there is a simpler alternative -to perform the dimensional reduction at the more fundamental level of the string action itself [34] . That amounts to a separation of the action into gauge-invariant D = 4 part and "internal" coordinate part, with the latter one been coupled to gauge fields originating from (5µ)-components of the metric and the antisymmetric tensor (cf. (3.3) ).
For example, consider the five dimensional plane fronted wave (4.1),(4.4)
To reduce to four dimensions let us take u to be an internal coordinate y and v/2 to be the time coordinate t in four dimensions. Rewriting (5.1) in the form
we conclude that the four dimensional metric, abelian gauge field and the scalar σ = 1 2 lnG 55 are
One thus finds the extremal electrically charged "Kaluza-Klein" black hole which is a solution corresponding to the action (3.6) with a = √ 3 and ψ = σ [4] . The D = 5 solution (5.1) can be viewed as a field of a string source along u direction boosted to the speed of light [4] . At the same time, its "image" in the four dimensional space-time orthogonal to u-axis is the extremal electric black hole. 11 Since (5.1) is an exact string solution we conclude that (5.3) is also not changed by α ′ corrections. Starting with the D = 5 generalised FS solution (4.8) and dimensionally reducing to D = 4 along u direction one finds [22, 34] the following D = 4 background
4)
Since the original D = 5 background had a non-trivial antisymmetric tensor we got D = 4 solution with two vector fields (cf. (3.3) ). The latter, however, are proportional to each other so (5.4) can be identified with the solution corresponding to (3.6) (with a = 1, ψ = 2φ) which describes the extremal electrically charged dilatonic black hole (3.8). The relation via dimensional reduction to the exact D = 5 generalised FS solution implies that this extremal dilatonic black hole is also an exact solution of (bosonic as well as heterotic) string theory [22, 34] .
Conclusions
It may be that string theory is "asymptotically free", i.e. the string coupling is small at small distances so that the dilaton is massless and the theory is nearly classical there. Then the dilaton should play an important role in predictions of string theory about early Universe, primordial black holes, etc. The gravitational-type coupling of the dilaton to gauge fields implies, in particular, that properties of the charged black hole solutions are modified compared to the pure Einstein-Maxwell theory.
There exists a large class of classical string solutions with null Killing vectors which do not receive α ′ corrections, i.e. are exact. Particular examples are plane-wave type backgrounds and solitonic fundamental string solutions. The effective string coupling (exponential of the dilaton) does indeed decrease at small distances for the latter solutions.
It turns out that these solutions are related by dimensional reduction to extremal electric dilatonic black holes. In particular, the D = 5 solution describing the field of a source represented by a closed fundamental string winding around a compact 5-th dimension appears to be equivalent to the D = 4 extremal dilatonic black hole with an electric charge of Kaluza-Klein origin. As a result, this extremal black hole remains string solution to all orders in α ′ . There are various indications that extremal black holes form a class of "solitonic" string solutions which are very different from non-extremal ones. It appears that nonextremal black holes (in particular, the Schwarzschild one) are modified by α (u + v) direction [53] . This is not surprising since the two (plane wave and FS) D = 5 backgrounds are related by duality. 12 Dimensional reduction along u + v direction gives equivalent solution [34] .
in an essential way. A difficult unsolved problem is to find an exact classical string solution which generalises the Schwarzschild solution to all orders in α ′ . It is usually conjectured that it is quantum corrections that should be responsible for elimination of black hole singularities. However, in non-local theories like string theory singularities may be absent already at the classical level. By analogy with the open string case, one may expect that the modification of the Schwarzschild black hole may be similar to the one of the Coulomb point-charge solution in the Born-Infeld effective theory: the singularity at the origin disappears being "regularised" by the string non-locality scale √ α ′ .
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